Lecture 2:
The Mechanics of 4D-Var



Outline

 The conjugate gradient algorithm
* Preconditioning
e Covariance modeling



The Conjugate Gradient Algorithm
(cgradient.h & congrad.F)

Recall the incremental cost function:

3 :%5ZTD_15Z+%(G52—d)T R (G5z—d)
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i.,e.solve Aodz=Db




The Conjugate Gradient Algorithm

The ECMWEF “congrad” of Fisher (1997) for inner-loop k+1:

5ik = 5Zk + Tkhk trial step

ék — 5\]/552k TL & AD ROMS gradient @ trial step
T T(A |

5Zk+1 — 5Zk + akhk new starting point

gk+1 — gk + (0(k /Tk) (ék — gk ) gradient @new point
ol T

Bt = 818 | 88

hk+1 =—g .t lBk+1hk new descent direction



The Lanczos Connection

The CG algorithm is equivalent to:

AQ.1 = Va2 T Ol + Vil

“Lanczos recursion relation”

qk — gk/Hng’ §k+1 — (j/ak+1 +ﬁk+1/ak); 7/k — _ﬂli/fl/ak

Orthonormal _ T
Lanczos vectors AV, =V T +7r.4q,,.€

q:q; =J; 5 7

i O, Vs

Ve %4 Yia
V4 5k




The Lanczos Connection

Gain (primal form):
K=(D"'+G'R'G)'G'R™
Practical gain matrix:

K, =V.T'VG'R"

Useful for diagnostic applications (Lecture 5)
(The Lanczos vectors are in ADJname)



Preconditioning

A J 4 J

preconditioning

Preconditioning seeks to cluster the eigenvalues of A
via a transformation of variable



Preconditioning

At the minimum of J we have 5J/55Z =()
(D" +G'R'G)6z-G'R'd=0
i.,e.solve Aoz=Db
Minimize:

J = %5ZTA52 —6z2'b +C

| 2
Introduce a new variable: V= AY20z

J Z%VTV—VTA_T/Zb-I—C

At the minimum: 8J/5V —v—A""?p=0



Preconditioning

Recall the incremental cost function:

3 %&Tnﬁ&%(c&wf R (G5z—d)

. 1/2
Introduce a new variable: V=D Y25z

J(v) = %VTV -I—%(GDMV —d)T R™ (GDl/ZV —d)

%VT (1 + DY2G R IGDY? ) v—v DY’G'Rd + %dTRld

At the minimum of J we have 5J/@V =(

(1 + DY’G"RIGDY? ) v—-D"’G'R'd =0

.e.solve Av=Db then 6z = D"’v



Preconditioning

Solve Av=Db

A = (1 +DY’G'RIGDY? )

~— —
g

Has eigenvalues
clustered around 1

J(0z) t J(v)

< | (@

>

>




The Conjugate Gradient Algorithm

cgradient.h in v-space to minimize J(v)

i}k =~ Vi + Tkhk trial step

ék = DT/2 5\]/552k gradient @ trial step
ak — —Tkhzgk /(h: (ék —gk)) optimum step

Vi =V, + akhk new starting point

gk+1 — gk + (O(k /Tk)(ék — gk) gradient @new point
ﬂk+1 — g-I:+1gk+1 / glgk

hk+1 =—g .+ lBk+1hk new descent direction

Y2 o _
5Zk+1 — D Vk+1 pI'OjeCt INto state Space



The Lanczos Connection

Gain (primal form):
K=D"”I+D"’G'R'GD"*)'D"’*G'R™

Practical gain matrix:

~J

K, =D"*V,T,'V/D"’G'R™

Useful for diagnostic applications (Lecture 5)
(The Lanczos vectors are in ADJname)



Covariance Modeling

Recall the incremental cost function:

J %&Tn%&%(c&wf R (G5z—d)

\ J/ N— —
Y Y

J, J
At the minimum of J we have 8J/@5Z =()

0

0J /067 = D'6z+G'R™ (G5Z —d)
where D =diag(B,, B, ,B;,Q)



Covariance Modeling

B, = initial condition prior (or background) error
covariance matrix

B; = surface forcing prior error covariance matrix

B, = open boundary condition prior error covariance
matrix

Q = prior model error covariance matrix

Each covariance matrix is factorized according to:
B=K, XCX'K,

C = univariate correlation matrix
> = diagonal matrix of error standard deviations
K, = multivariate balance operator



Correlation Models

C is further factorized as:
24 1V2wx7-1y T/2¢x T/2 A T
C = AL”L*W'L/’L?A

W = diagonal matrix of grid box volumes
L, = horizontal correlation function model
L, = vertical correlation function model

A = matrix of normalization coefficients

L, and L, are based on solutions of 2D and 1D
pseudo diffusion equations respectively:

on/ot—x.Vn=0 on/ot—x,0°n/oz° =0



Correlation Models

X CX
\_ A
t=0 t=T

¢
. L)

Correlation length, L: L2 ~ ZKT



Covariance Modeling

_ V24 V2xx7- 1y T/2y T/2 A T
C = AL"L*W™'L/’L? A
A ensures that the range of C is 1.

Suppose that x Is divided into a balanced and unbalanced
contribution: X=X,+Xx,

Examples of balance: geostrophy, hydrostatic
(B,) =ZCZ'
u
B, =K, (B,) K,

u b



The Balance Operator
(define BALANCE_OPERATOR)

Following Weaver et al (2005):

oT oT

o s (B,), =(0%5%")

"1 ox=K,0x

oX=| 0 oX=|0 .
g gu Bx — <5xé‘x >
ou ou,
K <5§(5§(T>KT
OV 5Vu b b
Total Unbalanced — T
state state Kb (Bu )X I<b
vector vector
increments increments

(except for oT)



The Balance Operator

oS = K0T+ 08,

o5 =K op+0g,
ou=sK op+ou,
ovK, op+ov,
op =K ;0T +K OS
op 5K 1op HK P

T-S relation

Level of no motion or elliptic egn

Geostrophic balance

Geostrophic balance

Linear equation of state

Hydrostatic balance



The Balance Operator

K, %

OX

KST




I<ST

The Balance Operator

from prior (background) T-S relationship

55, = 38

OZ

OZ

s OT

T

ST

- depending on mixed layer



The Balance Operator

KST




The Balance Operator

K. =K_(K;+K K)
K,=K_K

GPT T PS

}5,0 = p, (—adT + 6S)

Either: )
(i) 5§b — _J' 5,0/,00(12 (level of no motion z,)

V(W 3g,) =V [ ol pydz'dz+...
(define ZETA_ELLIPTIC)



The Balance Operator

KST

S & -

S e O

KCS
KuS
KVS

I(b — KC‘T
I<uT
\KVT



NNN

K
K

pp

up

Kpg

The Balance Operator

)
K, (K gp < (K, +K K
I<up K cp ] pS
K,K,.

hydrostatic balance

geostrophic balance

free-surface contribution to p



The Balance Operator

/BTT BgT BZT B-lET B-\II-T \
BST Bss BZS BIS BIS
T T T
=K, (Bx )u K,=B, B, B_ B, B,
BuT BuS BUg Buu BIU
\BVT BVS BVg Bvu BW )



ISADVAR Balanced Operator Covariances: EAC

Free-surface Temperature Salinity
(Celsius)? (nondimensional)?

150" 55' 160° 150" 155" 160°

Min = -B.3530E-08 Max=1 807FiE-02 Min = 0.0000E+00 Mex = 2 37T13E-02 Min = -4.5450E-11 Max = 2.1320E-03

Z =-300m Z =-300m
0
m
200
400 . W 400
500 P 500
. | s00 [
1000 km 200 400 GO0 1000 3em 200 400 GO0
fdin = 8 B435E-15 Max = 3. 1118E-02 fdin = -F_M58E-05 Max = 2.7027E-03

U-velocity V-velocity
(m/s)? (m/s)?

150 155° 160" 150" 155" 160°

1 1
Min = -7 40T0E-03 Max = 6. 30D0E-03 Min = -5.6430E-10 Max = 8.3152E-03

Z =-300m Z =-300m
o 0
m m
200 200
400 400
600 500
800 8OO
000 3em 200 400 60O 1000 3km 200 400 60O
i = -2 58H2E-04 Max = 4.5188E-03 fin = -4.4441E-03 Max = 8. T216E-03

The cross-covariances are computed from a single
|sea surface height| observation using multivariate

physical balance relationships.



ISADVAR Balanced Operator Covariances: EAC

Free-surface Temperature Salinity U-velocity V-velocity
(m)? (Celsius)? (nondimensional)? (m/s)? (m/s)?

150" 55‘ 1607 150" 55' 160° 155" 160°

Min = -3, 2379E-03 Max = 2.058T7E-02 Min = 0.0000E+00 Max = 7.01808E-01 Min = -3.0435E-12 Max = 3. 2628E-04 Min = -1.0598E-03 Max = 1.0828E-03 Min = -1.162TE-03 Max =1 1236E-03
Z =0m Z =-300m Z =-300m Z =-300m
o o
= ;
200 200
400 400 400
500 600 B0 600
a0o [ so0 8OO goo B
1000 km 200 400 GO0 1000 3m 200 400 GO0 000y m 200 400 GOO 1000 3km 200 400 GO0
Min = -1_3178E-18 Max = 7. 8188E-01 Pl = -2 4218E-03 Max = 3 2021E-02 Min = -8 2125E-03 Max = 2 4451E-05 Min = -1 _Z120E-02 Max = 1.2514E-02

The cross-covariances are computed from a single [temperature |
observation at the surface using multivariate physical balance
relationships.




ISADVAR Balanced Operator Covariances: EAC

Free-surface Temperature Salinity U-velocity V-velocity
(m)? (Celsius)? (nondimensional)? (m/s)? (m/s)?

150° 155" 160°

150" 155" 160°

ap
a5
a0 H—
45°H
Min = -1.2631E-07 Max = 2 1849E-01 Min = -8.2T48E-06 Max = T 1681E-0& Min = -1 0586E-08 Max = 9.4640E-OF Min = -1 4865E-01 Max = 1_¥551E-01
Z =-300m Z =-300m Z = -300m
m
200 200 200

400 400 400

GO0 600

GO0 GO0

a00 [l 800

800 800 [

1000

Okm 200 400 @00 1000 yem 200 400 GOO 000 ym 200 400 1000

Ok 200 400 GO0
Min = -1.5461E-D5 Max = 4_TZ05E-06 Min = -2 48T1E-06 Max = 2.858BE-09 Min = 2 BZBEE-07 Max = 1.384.2E-01 Min = -1 4883E-01 Max = 1.616TE-01

The cross-covariances are computed from a single |U-velocity|

observation at the surface using multivariate physical balance
relationships.




Initial condition prior:

B =K, XCZXK,

Surface forcing prior:

B, = Zfo}:I No balance

Open boundary condition prior:
- T
B, =X C. 22 No balance

Model error prior:

Q=K,Z C XK,




Preconditioning Again

General form of the prior error covariance matrix:
D=K,XCX'K,
Introduce a new variable:
v=U"5z
where D=UU"'
U=K, xC"



The Conjugate Gradient Algorithm

cgradient.h in v-space to minimize J(v)

i\Ik =~ Vy + Tkhk trial step
g =C"*L'K] 81/052, gradient @ trial step
&y = _Tkh-l:gk /(hl- (ék _gk)) optimum step

Vi =V, + akhk new starting point

gk+1 — gk + (0(k /Tk)(ék — gk) gradient @new point
ﬁk+l — g-I:+1gk+l / glgk

hk+1 =—g .+ lBk+1hk new descent direction

5Zk+1 — szcl/zvk+l project into state-space



The Lanczos Connection

Gain (primal form):
K=K XC"”(I+D"’G'R'GD"*)'C"’L'K;G'R™

Practical gain matrix:

K, =K, XC"*V,T,'V/C"’L'K,G'R™

Useful for diagnostic applications (Lecture 5)
(The Lanczos vectors are in ADJname)



Issues, Things to do, & Coming Soon

e INC
Im
e Elli

* Relax horizontal homogeneity and isotropy of
_, and L, correlation lengths.

ude temporal correlations (there Is some
plicit time corr. already in o6f(t), db(t), & n(t)).
ptic solver for free-surface balance:

- cannot handle islands at the moment

- add additional boundary condition option
e Cannot assimilate obs right at the open boundary.
 Div and curl of 6t are not constrained.

* NO

restart option for 4D-Varr.



Summary

 Lanczos formulation of CG: cgradient.h

e Lanczos vectors saved in ADJname

e Covariance models using diffusion operators:
define VCONVOLUTION
define IMPLICIT_VCONV, etc

e Multivariate balance operator:

K, -tl balance.F

K, - ad_balance.F

> -tl variability.F
" - ad_variability.F
C"?- tl_convolution.F
C"2- ad_convolution.F
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