
Deviatoric Stress Tensor

The horizontal components of the divergence of the stress tensor (Wajsowicz, 1993)
in nondimesional, orthogonal curvilinear coordinates (ξ, η, s) with dimensional, spatially-
varying metric factors ( 1

m , 1
n , Hz) and velocity components (u, v, ωHz) are given by
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F v ≡ η̂ · (∇ · σ) =
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where
σξξ = (AM + ν) eξξ + (ν − AM ) eηη,

σηη = (ν − AM ) eξξ + (AM + ν) eηη,

σss = 2 ν ess,

σξη = σηξ = 2AM eξη,

σξs = 2KM eξs,

σηs = 2KM eηs,

(3)

and the strain field is
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Here, AM (ξ, η) and KM (ξ, η, s) are the spatially varying horizontal and vertical viscosity
coefficients, respectively, and ν is another (very small, often neglected) horizontal viscosity
coefficient. Notice that because of the generalized terrain-following vertical coordinates of
SCRUM/ROMS, we need to transform the horizontal partial derivatives from constant z

to constant s surfaces. And the vertical metric or level thickness is the Jacobian of the
transformation, Hz = ∂z

∂s
. Also in these models, the vertical velocity is computed as ωHz

mn
and has units of m3/s.



Transverse Stress Tensor

Assuming transverse isotropy, as in Sadourny and Maynard (1997) and Griffies and
Hallberg (2000), the deviatoric stress tensor can be split into vertical and horizontal sub-
tensors. The horizontal (or transverse) sub-tensor is symmetric, it has a null trace, and
it possesses axial symmetry in the local vertical direction. Then, transverse stress tensor
can be derived from (1) and (2) yielding
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Notice the flux form of (5) and the symmetry between the Fuξ and F vη terms which are
defined at density points on a C-grid. Similarly, the Fuη and F vξ terms are symmetric and
defined at vorticity points. These staggering positions are optimal for the discretization of
the tensor; it has no computational modes and satisfy first-moment conservation.

The biharmonic friction operator can be computed by applying twice the tensor op-
erator (5), but with the squared root of the biharmonic viscosity coefficient (Griffies and
Hallberg, 2000). For simplicity and momentum balance, the thickness Hz appears only
when computing the second harmonic operator as in Griffies and Hallberg (2000).

Rotated Transverse Stress Tensor

In some applications with tall and steep topography, it will be advantageous to reduce
substantially the contribution of the stress tensor (5) to the vertical mixing when oper-
ating along constant s-surfaces. The transverse stress tensor rotated along geopotentials
(constant depth) is, then, given by
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where
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Notice that transverse stress tensor remains invariant under coordinate transformation.
The rotated tensor (7) retains the same properties as the unrotated tensor (5). The
additional terms that arise from the slopes of s-surfaces along geopotentials are discretized
using a modified version of the triad approach of Griffies et al. (1998).
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