Lecture 2:
The Mechanics of 4D-Var
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The conjugate gradient algorithm
Preconditioning

Covariance modeling
Background quality control



The Conjugate Gradient Algorithm
(cgradient.h & congrad.F)

Recall the incremental cost function:

J = %§ZTD_15Z + %(Géz — d)T R (G5Z — d)
— %&T (1)—1 + GTR‘1G)5Z ~0z'G'R'd + %dTR‘ld

At the minimum of J we have &]/852 = ()

(D—1 + GTR'IG) 5z—G"R'd =0

— 7
~

i.,e.solve Aoz=Db




The Conjugate Gradient Algorithm
The ECMWEF “congrad” of Fisher (1997) for inner-loop k+1:

52k — 5Zk T Tkhk trial step
ék — 8J/85ik TL & AD ROMS gradient @ trial step
a, = _Tkhlfgk /(hz (gk — gk)) optimum step
5Zk+1 — 5Zk + O[khk new starting point
g .. =g +(o /rk)(gk — gk) gradient @new point

D = glf+1gk+1 /g;fgk

th =—g, .+ lBk+1hk new descent direction



The Lanczos Connection

Cornelius
Lanczos
(1893-1974)




The Lanczos Connection

The CG algorithm is equivalent to:

Ay = Vb2 T 0y + 744,

“Lanczos recursion relation”

q, = gk/Hgk , Oy = (l/akﬂ +:Bk+1/ak); Vk =~ /fl/ak
- T
Vk = (ql) AV, =V, T, +7.4q,,¢
Orthonormal o 7
Lanczos vectors i 0y s
T . T = ..
q,q; =9, k o
T e Yo 5k—1 Vi1
Vk Vk — Ik Vg O,



The Lanczos Connection

Specifically:

A=V TV’

kk "k

-1 —1ly7T
A=V TV



The Lanczos Connection

Gain (primal form):
K=D'+G'R"'G)'G'R™’
Practical gain matrix:

K, =V.T'V/G'R"

Useful for diagnostic applications (Lecture 5)
(The Lanczos vectors are in ADJname)



Preconditioning

A J 4 J

preconditioning

Preconditioning seeks to cluster the eigenvalues of A
via a transformation of variable



Preconditioning

At the minimum of J we have 0.J/06z =0
(D" +G'R'G)5z-G'R'd=0
i.,e.solve Aoz =Db
Minimize:

J = %5ZTA5Z —O0Z'b+c

. 1/2
Introduce a new variable: V= A"25z

1
J = EVTV— vIAT?p +¢

At the minimum: 8]/@V —v—AT"’p=0



Preconditioning

Recall the incremental cost function:

J = %5ZTD_15Z + %(G5Z - d)T R (Gdoz—d)

. /2
Introduce a new variable: Vv =D"25z

1 g 1 1/2 T -1 1/2
J(V)—EV V+5(GD V—d) R (GD V—d)
%VT (I+D1/2GTR'1GD1/2)V—VTDl/zGTR'ldJr%dTR‘ld
At the minimum of J we have aJ/ﬁv =)

(1 +D">’G™R'GD"? ) v—D"’G™R'd =0

ie.solve Av=Db then 5z = D"*v



Preconditioning

Solve AV = B

A = (1 +D"’G"R'GD"? )

— —
g

Has eigenvalues
clustered around 1

J(52) v J(V)

< | (@

>

>




The Conjugate Gradient Algorithm

cgradient.h in v-space to minimize J(v)

Q’k =V, -I-Tkhk trial step

ék = ])T/2 8J/8§2k gradient @ trial step
U = _Tkhlfgk /(hz (ék — gk)) optimum step

V., =V, + akhk new starting point

gk+1 — gk + (OKk /Tk)(gk _gk) gradient @new point
ﬂk+1 — glf+1gk+1 /glzgk

th = —ng + lBk+1hk new descent direction

/2 L
= t into state-
5Zk+1 D \" project into state-space




The Lanczos Connection

Gain (primal form):
K _ Dl/2 (I + DT/ZGTR—IGDI/Z )—1 DT/ZGTR—I

Practical gain matrix:

~/

K, =DV, T'V'D"’G'R™’

Useful for diagnostic applications (Lecture 5)
(The Lanczos vectors are in ADJname)



Covariance Modeling

Recall the incremental cost function:

J = %5ZTD_15Z + %(G5Z — d)T R’ (Gﬁz — d)

A\ J N— —
Y g

J, J

o

At the minimum of J we have 8.]/(95Z =()

0J/06z=D"'6z+G 'R’ (Goz—d)
where D = diag(B_,B,,B,,Q)



Covariance Modeling

B, = initial condition prior (or background) error
covariance matrix

B = surface forcing prior error covariance matrix

B,, = open boundary condition prior error covariance
matrix

Q = prior model error covariance matrix

Each covariance matrix is factorized according to:
B=K, XCX'K,

C = univariate correlation matrix
> = diagonal matrix of error standard deviations
K,, = multivariate balance operator (for B, and Q only)



Correlation Models

C is further factorized as:
_ /29 12xx7-17 T/27 T/2 A T
C=ALL’W'L/’ L’ A

W = diagonal matrix of grid box volumes
L,, = horizontal correlation function model
L, = vertical correlation function model

A = matrix of normalization coefficients

L, and L, are based on solutions of 2D and 1D
pseudo diffusion equations respectively:

on/ot-x,N°'n=0 0on/ot—x,dn/dz* =0



L




Correlation Models

C is further factorized as:
_ /29 12xx7-17 T/27 T/2 A T
C=ALL’W'L/’ L’ A

W = diagonal matrix of grid box volumes
L,, = horizontal correlation function model
L, = vertical correlation function model

A = matrix of normalization coefficients

L, and L, are based on solutions of 2D and 1D
pseudo diffusion equations respectively:

on/ot-x,N°'n=0 0on/ot—x,dn/dz* =0



Correlation Models

[

¢
. o

Correlation length, L: Lz ~ ZKT



Covariance Modeling

_ 127 1/2%x7-17 T/27 T/2 A T
C=ALLPW'L’L?A
A ensures that the range of C is 1.

Suppose that x is divided into a balanced and unbalanced
contribution: x=x,+x,

Examples of balance relations: geostrophy, hydrostatic
(B,) =XCX’
u
T
B, =K, (B,) K

u b



The Balance Operator
(define BALANCE_OPERATOR)

Following Weaver et al (2005):

ol ol (B,), =(o%5%")
5S 5S, "o

sx=| s 5% =| 5 ox =K, ox

X =] o8 XTI | B, = (sxox")
ou ou,
Sv Sv =K, (5%5%" K,
w e =K(B)K
vector vector
increments increments

(except for oT)



The Balance Operator

oS 5K 0T+0S,
os =K_op+0g,
ou=K, 6p+ou,
ovSK, op+ov,

op =K 0T +HK (OS
op 5K JlopHK b

T-S relation

Level of no motion or elliptic eqn

Geostrophic balance

Geostrophic balance

Linear equation of state

Hydrostatic balance



The Balance Operator

K, 5%

OX

KST




KST

The Balance Operator

from prior (background) 7-S relationship

0S8, = Q/a—S 0z

—| oT
0z | OT |;

> depending on mixed layer




The Balance Operator

KST




The Balance Operator

KgT - Kgp (KpT t K,OSKST)
Ké“S - KngpS

Either: .

i) Og, =— I Sp/ p,dz (level of no motion z)

}5,0 = p, (—adT + BSS)

(NV(hV og,) = —Vj_oh IO op/ p,dz'dz+...
(define ZETA_ELLIPTIC)



The Balance Operator

& & & -

S & = O

1
K
K.,s
K.

K

K

KuT
Ko7




NNN

K

pPpP

K,

KPG

The Balance Operator

(
K,(K, +K, K_ )(KPT+KPSKST)
K, K +K K_)K
K Kpg

hydrostatic balance

geostrophic balance

free-surface contribution to p



The Balance Operator

/BTT BgT BZT

B, Bg BZS

= Kb (Bx )u Kg - BgT BgS ng
B, B, Igug

B.r By B,




IS4DVAR Balanced Operator Covariances: EAC

Free-surface
(m)?

Temperature
(Celsius)?

Salinity

(nondimensional)?

150"

150° 155° 160" __155° 160°

30°
35°

40° -

45"

Min = -8.3539E-08 Max=1.6973E-02 Min = 0.0000E+00 Max = 2.3713E-02

Z = -300m

600

800 =

1000 km 200 400 600

Min = 8.8436E-15 Max = 3.1118E-02

150"

__155° 160°

Min = -4.5450E-11 Max = 2.1320E-03

400

600

800

1000

Z = -300m

Okm 200
Min = -7.7959€-05 Max = 2.7027E-03

400 600

U-velocity
(m/s)?

155° 160°

150°

V-velocity
(m/s)?

400

600

800

1000

in = -7.407T0E-03 Max = 6.3000E-03

Z =-300m

Okm 200 400

600
Min = -2 5882€-04 Max = 4.5199E-03

600

800

1000

in = -6.6430E-10 Max = 8.3152E-03

Z =-300m

Okm 200
Min = -8 4441E-03 Max = 9.7216E-03

400 600

The cross-covariances are computed from a single

|sea surface height | observation using multivariate
physical balance relationships.



IS4DVAR Balanced Operator Covariances: EAC

Free-surface Temperature Salinity U-velocity V-velocity
(m)? (Celsius)? (nondimensional)? (m/s)? (m/s)?

150° 155 160" 150" 155 160" 150° 155 160"

Min = -3.2379E-03 Max = 2.0587E-02 Min = 0.0000E+00 Max = 7.9199E-01 Min = -3.0435E-12 Max = 8 2628E-04 Min = -1.0508E-03 Max = 1.0028E-03 Min = -1.1627E-03 Max = 1.1226E-03
Z=0m Z=-300m Z=-300m Z=-300m
0 0 0
m © m w m
200 200 200
400 400 400
600 600 600 600
800 [ 800 [ 800 800
10000 km 200 400 600 1000 km 200 400 60O 1000 oym 200 400 60O 1000 5km 200 400 60O
Min = -1_3178E-18 Max = 7.9199E-01 Min = -2 4218E-03 Max = 3.2021E-02 Min = -8 2125E-03 Max = 2.4451E-05 Min = -1 2120€-02 Max = 1.2514E-02

The cross-covariances are computed from a single |temperature|
observation at the surface using multivariate physical balance
relationships.




IS4DVAR Balanced Operator Covariances: EAC

Free-surface
(m)?

Min = -1.2631E-07 Max = 2.18949E-01

Temperature
(Celsius)?

155° 160"

45. )
Min = -8.2748E-06 Max = 7.1681E-06

Z = -300m

800 [

10000 m 200 400 600
Min = -1.5461E-05 Max = 4.7205E-06

Salinity

(nondimensional)?

Min = -1.0596E-06 Max = 9.4640E-07

Z = -300m

=

200
400
600

800 [

1000 5'ym 200 400 600

Min = -2 4871E-06 Max = 2.8598E-09

U-velocity
(m/s)?

V-velocity
(m/s)?

Min = -1.7800E-01 Max = 1.3439E-01

Z=0m

200
400
600

800

|l

1000 5'ym 200 400

Min = 2.9286E-07 Max = 1.3842E-01

Min = -1.4965E-01 Max = 1.7551E-01

Z =-300m

800 [l

1000 5ym 200 400 600

Min = -1 4883E-01 Max = 1.6167E-01

The cross-covariances are computed from a single | U-velocity|
observation at the surface using multivariate physical balance
relationships.



Initial condition prior:

Bx — KbZXCXZEKg

Surface forcing prior:

T
Bf — Zf(jf):f No balance

Open boundary condition prior:
. T
B, =X C X No balance

Model error prior:

Q=K,X,C XK,




Preconditioning Again

General form of the prior error covariance matrix:
D=K, XCX'K]
Introduce a new variable:
v=U"6z
where D=UU'
U=K, XC"



The Conjugate Gradient Algorithm

cgradient.h in v-space to minimize J(v)

V., =V, t+ Tkhk trial step

ék = CT/zzTKlT) 8J/852k gradient @ trial step
. T T A .

a, ——Tkhkgk/(hk (gk —gk)) optimum step

V., =V, + akhk new starting point

gk+1 — gk -I-(Olk /Tk)(gk _gk) gradient @new point
ﬂk+1 — glf+1gk+1 /glzgk

th =—g, .+ lBk+1hk new descent direction

— /2 L _
§Zk+1 = KbZC V. project into state-space




The Lanczos Connection

Gain (primal form):
K=K XC”I+D"G'R'GD"*)"'C"*2'K;G"'R™

Practical gain matrix:

K, =K, XC"”V.T'VIC"’2'K/G'R™"

Useful for diagnostic applications (Lecture 5)
(The Lanczos vectors are in ADJname)



Background Quality Control
(define BGQC)

 Some observations will be outliers for a variety of reasons
(e.g. bad obs, bad model, or both, non-Gaussian behavior, etc)

» Itis important to exclude these data from the data assimilation
system since they can adversely affect the analysis.

« Observations are screened in ROMS according to the
background error and observation error variances.

 The approach used in ROMS parallels that used in the ECMWF
NWP system.

 An observation is rejected if the normalized innovation
exceeds a specified multiple of the standard expected error.

« Specifically:

(yi_Hi(Xb))2 >0¢2(1+Gj/cr§)

® (is a user-specified parameter.
(see Andersson and Jarvinen (1999, QJRMS, 125, 697-722).



Background Quality Control
(define BGQC)

00000

5 10 15 -5 0 5 -5 0
insitu S insitu T insitu S

Frequency distribution, f, Distribution of f = /—2In(f/max(f)).
gi.e. pdf? of 4D-Var The red lines show
innovations. y=+ |x/(a,2, + 03)1/2|_

Choose a based on red line.



Issues & Things to do

* Relax horizontal homogeneity and isotropy of
L, and L, correlation lengths.

* Elliptic solver for free-surface balance:

- cannot handle islands at the moment

- add additional boundary condition option
« Cannot assimilate obs right at the open boundary.
 Div and curl of 8t are not constrained.
* No restart option for 4D-Var.
* Variational bias correction.
» Variational QC.



Summary

* Lanczos formulation of CG: cgradient.h
» Lanczos vectors saved in ADJname
« Covariance models using diffusion operators:
define VCONVOLUTION
define IMPLICIT _VCONYV, etc
Y -t variability.F
»' - ad_variability.F
C"-1l_convolution.F
C"?- ad_convolution.F

« Multivariate balance operator:
define BALANCE_OPERATOR

K, - tI_balance.F
K, - ad_balance.F

« Background QC: define BGQC
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